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Abstract. A method is proposed which enables the simulation of bodies which are
floating on the free surface of a fluid. The body is fully immersed by the physical fluid
(“water”) and an auxiliary fluid (“air”) with negligable density and viscosity. The fluid-
fluid interface is described by the level-set method and the resulting kinks in the velocity
and pressure fields are considered for appropriately by using the extended finite element
method (XFEM).
1 Introduction
The simulation of bodies which are floating on the free surface of a fluid is a challenging
task. Practical applications are found in hydraulic engineering and naval architecture.
In contrast to the simulation of fully immersed bodies, floating body simulations have
the additional difficulty that the boundary of the structure penetrates the free surface.
Especially for the case of no-slip boundary conditions on the structure, there is an incom-
patibility with the boundary conditions applied at the free-surface. Therefore, it is often
useful to introduce an auxiliary flow field around the body with negligible density and
viscosity. This field can be thought of “air” whereas the original fluid may be associated
with “water”. Then, the body is completely immersed by the two fluids. The problem
of a surface-penetrating body is now shifted to the appropriate simulation of a two-phase
flow with an implicit description of the interface. The jumps in the density and viscosity
across the interface of the two phases is large (e.g. water vs. air), leading to serious kinks
in the pressure and velocity fields across the interfaces. We use the extended finite element
method (XFEM) [1, 3, 5] for considering these kinks appropriately.
2 Governing equations
In the following, the governing equations are given in strong form for the different
fields involved. For space reason, we omit boundary conditions and do not give the
corresponding weak forms used for the finite element procedures.
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Geometric situation. Throughout this work, the spatial domain Ω ∈ R2 is a time-
independent closed container, composed by the solid domain ΩS and the fluid domain
ΩF. The fluid domain ΩF contains two different, immiscible incompressible Newtonian
fluids in Ω1 and Ω2, respectively. All domains, Ω1, Ω2, and ΩS are non-overlapping and
Ω = Ω1 ∪ Ω2 ∪ ΩS. The (moving) interface between the two fluids is denoted Γd and
between the fluids and the structure ΓFS see Fig. 1(a). The fluid-structure-interface ΓFS
is meshed explicitly, i.e. element edges align with ΓFS. In contrast, the interface Γd is
defined implicitly by the level-set method and goes right through elements.
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Figure 1: (a) The floating body ΩS surrounded by the two fluids in Ω1 and Ω2, (b) the coupled problem
with four algorithmic fields.
The solid model. In this work, the solid in ΩS is assumed to be rigid. In two
dimensions, the motion is then fully captured by three degrees of freedom: Horizontal (dx)
and vertical (dy) displacement and rotation (θ). The governing equations for r = [dx, dy, θ]
are
mr¨ (t) + d r˙ (t) + k r (t) = F (t) . (1)
For freely floating bodies, k = 0 and the (external) damping d = 0. The loading F
results from the flow field and is part of the solution of the flow solver.
The two-phase flow model. Let u (x, t) be the velocities and p (x, t) the pressure; ̺i
and µi with i = (1, 2) are the density and dynamic viscosity of the two fluids, respectively;
f are volumetric forces such as gravity. The fluids inside Ωi × (0, tend), i = (1, 2), are
modeled by the instationary, incompressible Navier-Stokes equations in velocity-pressure
formulation
̺i
(∂u
∂t
+ u · ∇u
)
−∇ · σ = ̺if , (2)
∇ · u = 0. (3)
The stress tensor σ of the Newtonian fluids is given as σ (u, p) = −pI + 2µiε (u) with
ε (u) = 1
2
(
∇u + (∇u)T
)
, where I is the identity tensor.
The interface movement. The level-set method is used for the description of the
fluid-fluid-interface Γd. It is a numerical technique for the implicit tracking of moving
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interfaces. In this work, we use the signed distance function as a particular level-set
function,
φ (x) = ± min
x
⋆∈Γ±
‖x− x⋆‖ , ∀x ∈ ΩF, (4)
where the sign is different on the two sides of the interface and ‖ · ‖ denotes the Euclidean
norm. The movement of the interface Γd is reflected by an advection of the level-set values
with the velocity field of the fluid,
∂φ
∂t
+ u · ∇φ = 0 in ΩF × (0, tend) . (5)
The mesh movement. The fluid-structure interface is meshed explicitly. Any dis-
placements of the body ΩS lead to a change of the fluid domain ΩF and, consequently,
a change of the fluid mesh. We realize a pseudo-structure approach for this purpose,
where, for the mesh movement, the fluid domain is considered as a stationary, linearly
elastic solid with prescribed displacements along ΓFS and zero-displacements along all
other boundaries. The movement of the fluid domain requires a formulation of the fluid
equations and the level-set transport equation within the arbitrary Lagrangian-Eulerian
(ALE) frame.
The complete problem. Although the simulation of floating bodies may be seen as
a physical two-field problem (solid and fluid), it is found that from a computational view-
point two additional fields are required realizing the mesh movement in order to consider
the structural displacement and a level-set transport model which reflects the movement
of the fluid-fluid-interface. This leads to an algorithmic four -field problem which must be
solved within each time-step, see Fig. 1(b). We use a partitioned, strongly coupled strat-
egy for solving the overall coupled problem. Several iterations are consequently performed
over the four fields within each time-step.
3 The extended two-phase flow-solver
As mentioned above, the fluid domain consists of the original (physical) fluid and an
auxiliary field with negligible density and viscosity. The high jumps in the density and
viscosity parameters across the interface lead to serious kinks in the velocity and pressure
fields. Due to the implicit description of the interface by means of the level-set method,
these kinks go right through the elements. Therefore, we use the XFEM [1, 3, 5] which
enables an enrichment of the approximation spaces of the velocity and pressure fields such
that they can consider for the kink in the solution appropriately.
We use equal-order interpolations for the velocity and pressure fields. Therefore, it
suffices to write down the enriched approximation for uh (x) only which is
uh (x) =
∑
i∈I
Ni (x)ui +
∑
i∈I⋆
Ni (x)ψ (x) ai. (6)
The approximation consists of a standard finite element part and the enrichment. Ni (x)
are standard finite element shape functions and ψ (x) is the enrichment function. For the
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kinks present in this application, one often uses ψ (x) = abs (φ (x)) where φ is the level-set
function. It is well-known that this ad hoc definition of the enrichment leads to problems
in blending elements [2, 3]. Therefore, we either use the modified abs-enrichment of [4]
or the corrected XFEM of [3]. The nodal set I⋆ involved in (6) is the set of all elements
nodes of elements which are crossed by the interface Γd.
4 Numerical Results
We restrict the test-cases to two-dimensional domains and bi-linear finite elements. For
space reasons we only show a schematic sketch of the test cases rather than a complete
description. In test-case 1, a square cylinder is floating on the free surface and finds its
equilibrium position. In test-case 2, a cylinder is falling into the fluid and then comes
back to the surface where it floats in its rest position. The quality of the results shows
the success of the proposed method.
(a) (b)
Figure 2: Schematic sketches of test-cases 1 and 2..
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